In this report we provide a vectorial derivation of the equations of motion characterizing the dynamic behavior of both ideal and non-ideal (e.g., including anisoelastic effects) vibratory micromachined gyroscopes. The derivation presented here utilizes the basis-free Newton-Euler approach (viz., the balance of angular momentum) rather than an energy based formulation. Our approach offers the following advantages: (1) It leads to an explicit set of dynamic equations without requiring excessive symbolic manipulations by the analyst, (2) The resulting nonlinear dynamic model can be readily linearized for use in controller/estimator design, (3) Our derivation provides maximal physical insight into the dynamic be vior of micromachined rate sensors, (4) The NewtonEuler approach ca can e readily extended to model multibody effects such as ior of angularly vibrating microgyros in this report our formulation is equally valid for linearly vibrating microgyros.
Introduction
High performance gyroscopes are commonly used devices for measuring attitude and angular velocity in modern aerospace, vehicle, and robotic systems. The evolution of gyroscope technology (and more broadly inertial navigation technology) is an interesting topic in its own right -See [ll] and [20] for a discussion and an extensive list of references. One of the earliest implementations of a device capable of sensing the angular rate of a rotating body (viz., the Earth) dates back t o 1851 and Foucault's pendulum [13] , [17] . In modern inertial sensor systems gyroscopes are typically classified as either rate gyros or rate integrating gyros [14] . In this report we will concentrate on the analysis of rate gyros; i.e., gyros that directly measure *This research was performed at the Jet Propulsion Laboratory, Californ ia Institute of Technol+Corresponding author -Email: sploen@grover .j pl. nasa. gov ogy, under contract with the National Aeronautics and Space Administratio-n.
-L the angular rate of a rotating body about a specific axis. Gyroscopes may be further categorized by their gross physical dimensions.' For example, the prototypical macro rate gyro consists of the classical single-axis deflection gyro (found in 3-axis stabilized platforms) incorporating a massive spinning rotor. The dynamic characteristics of macro rate gyros are well established -The reader should consult [13] , [14] for further information. Alternately, recent MEMS (Micro-Electrical-Mechanical-System) technology has led to the reality of silicon-based monolithic micromachined (or micro) devices becoming viable low cost alternatives to their macro counterparts in a variety of lower performance applications. This revolution has increased the need to understand not only the dynamic behavior of these MEMS devices but also to develop the necessary architecture required to implement functionally integrated microgyro based sensor systems.
In this report we concentrate on developing dynamic models of microgyro devices for use in design, performance evaluation, and control. Specifically, we present a first principles derivation of the equations of motion for the important class of sensors known as angularly vibrating rate microgyros. The derivation given here utilizes the vectorial (basis-free) Newton-Euler approach (balance of angular momentum) rather than an energy based formulation as done in [9] , [ll] , [21] . Our approach leads to an explicit set of dynamic equations without requiring excessive symbolic manipulations. Further, the derivation allows maximal physical insight into the dynamic operation of micromachined rate sensors and allows the analyst to naturally incorporate multibody effects (as well as other parasitic effects) into the analysis.
Dynamics of the Angularly Vibrating Rate Gyroscope
In this section we derive the equations of motion of a generic vibrating angular rate microgyro. The dynamic analysis of rotational vibratory gyroscopes is also discussed in [2] , [9] , [ll] , [19] , and [21] . Before we begin developing the equations of motion of the microgyro we present a qualitative overview of the operation of the device. The configuration of the rate gyro under study is shown in Figure 1 . The rotor is angularly oscillated about the +-axis (drive-axis, normal to the plane of the page) resulting in an oscillating angular momentum vector. The suspension system of the rotor consists of four cantilevered beams connecting the rotor structure to the gyro platform/housing assembly. The beams provide mechanical support and allow small angle flexure (via torsional motion) of the rotor relative to the platform about each axis2. If the spacecraft is rotating about the y,-axis (input-axis) with some nonzero 'See [l] for a well written overview of both macro and micro vibratory rate gyros.
2The JPL angular rate microgyro structure is based on a similar configuration [4] , [5] , [12] , [18] , [21] .
The microgyro consists of a four-leaf clover shaped plate rigidly coupled to a central mass element (called the post) mounted orthogonal to the plane of the clover leafs. The entire structure is suspended by four thin silicon cantilevered beams which provide mechanical support and restoring force/torque capability for the structure. The post axis is the input axis, and the drive and sense axes lie in the clover leaf plane. The dynamic model derived in this report can be readily applied PLATFORM YI X I i Figure 1 : Angular Vibratory Rate Gyro angular rate R, (i.e., the rate to be sensed), an oscillating Coriolis moment is developed across the transverse x,-axis (sense axis). This (fictitious) moment causes the rotor to be angularly deflected about the sense axis. The amplitude of the resulting angular deflection about the sense axis is directly related t o the angular rate of the spacecraft about the input-axis. The description of gyro operation given here assumes that the gyro is operating in open-loop mode. The gyro can also be operated in a closed-loop mode that utilizes force rebalance along the x -p and y -p axes; In this mode of operation, rather than measuring the deflection about the sense axis directly, a torque is applied about the sense axis to null the Coriolis induced motion. The magnitude of the rebalancing torque is then directly related to the angular rate of the spacecraft.
Vectorial Equations of Motion
In the sequel the following reference frames shown in Figure 1 will play an important role:
0 F I -A suitable inertial frame of reference.
0 F p -The platform reference frame rigidly attached at the center of mass of the platform and rotating with the platform. In this analysis we will assume that relative motion between the platform and the vehicle is negligible -As a to the specific geometry of the JPL clover-leaf gyro configuration by choosing the mass distribution accordingly.
result, the platform frame also describes the motion of the spacecraft (i.e., the platform frame can be taken equal to the spacecraft's body fixed frame FB).
0 FR -The rotor frame rigidly attached at the mass center of the rotor and rotating with the same angular motion of the rotor. The rotor can perform oscillations about the Z R axis. Note from Figure 1 that when the angular displacements 8, = 8, = 0, FR is aligned with Fp. This corresponds to the initial state of the device before a spacecraft rate induces rotational motion about the X, (resp. Yp) axis. Here we assume that the center of mass of the rotor and the platform coincide at point C. For simplicity we assume that the center of mass of the gyro system (rotor + platform + suspension) is also located at point C.
All dynamic coupling between the spacecraft and the microgyro is assumed to arise from the gross motion of the spacecraft; Le., the gyro motion is dynamically coupled to the vehicle but not vise-versa3. As a result, the motion of the spacecraft will be taken as prescribed in this analysis. Furthermore, by the assumption that there exists no relative motion between the platform and the vehicle the motion of the platform can also be considered prescribed and the platform angular velocity is taken equal to the angular velocity of the spacecraft (i.e.> the rate that we wish to sense). The beams making up the rotor suspension assembly are modeled as lumped (i.e., massless) torsional spring/dashpot elements in the sequel. As a result the rotor suspension does not contribute angular momentum to the system.
Applying the balance of angular momentum [8] about the center of mass of the system (= center-of-mass of platform = center-of-mass of rotor) we find where Here g denotes the total angular momentum of the system (=rotor + suspension + platform) about the system center-of-mass, g~ denotes the angular momentum of the rotor about the system center of mass, and I?s denotes the angular momentum of the suspension about the system center-of-mass5. Also, JR denotes the inertia dyadic of the rotor about its center of mass, is the angular velocity of the rotor relative to FI, and EA? denotes the resultant moment vector acting on the rotor.
The symbol e represents dyad-vector multiplication [8] . Following the notation of 3Note that this assumption does not always hold for the analysis of macro-rate gyros incorporating 4For our purposes the concept of a prescribed motion can be best thought of as motion resulting 5As the motion of the platform is taken as prescribed l?p is not included in the analysis.
a massive spinning rotor.
from the action of a perfect (infinite bandwidth) control system.
[lo], $(e) denotes the time rate of change of a vector as seen by an observer rigidly attached to frame of reference A, denoted FA. In the analysis of a system involving multiple reference frames (undergoing arbitrary relative motion) the analyst must carefully distinguish between the time rates of change of vector/tensor quantities as seen by observers in different frames. Specifically, given a pair of reference frames FA and FB undergoing arbitrary relative angular motion, the time rate of change of a vector as seen by an observer rigidly fixed to FA (denoted y) is related to the time rate of change of the same vector as seen by an observer rigidly fixed to FB (denoted y ) via the transport theorem
where A~B denotes the angular velocity of frame B in (or relative to) frame A. For a detailed derivation of the transport theorem see [lo] or [8] .
Applying the transport theorem to the balance of angular momentum (1) we find
where I d p denotes the absolute angular velocity of frame P. Applying the transport theorem a second time to dt results in
where PdR is the angular velocity of frame R in frame P. Note that two applications of the transport theorem are required since FR is rotating relative to Fp and Fp is rotating relative to FI.
Substituting (7) into (6) and rearranging yields where in (9) we have invoked the angular velocity addition theorem (see [lo] )
Equation (9) can be further simplified as follows However, since the rotor is assumed rigid (i.e., does not suffer any deformation) and FR is rigidly attached to the rotor structure
Substituting (9), (12)- (13) into (6), it follows that the resulting vectorial of motion are expressed concisely as
It is also important to observe from applying the transport theorem to 'GR that Some final comments on the Newton-Euler formulation are in order. For simplicity, we assumed that the rotor suspension is massless and have neglected all dynamic coupling between the platform and the rotor in this analysis. However, to obtain a more realistic dynamic model multibody coupling effects should be considered. In the field of multibody dynamics [8] the Newton-Euler method is the preferred method to formulate the equations of motion of interconnected systems of rigid-flexible bodies. As a result, our framework can be readily extended to incorporate platform/rotor multibody coupling effects.
2.2
The vectorial equation (14) along with the vectorial statement of the angular velocity relationship (10) and its time rate of change (16) provide a concise and exact characterization of the non-linear equations of motion of the microgyroscope6.
Once a basis-free (i.e., vectorial) statement of the equations of motion of the system has been determined the analyst has complete freedom to express the equations in component form by resolving them into any reference frame of interest. In problems involving a single rigid body the natural frame to express the dynamics in component form is a body fixed frame rigidly attached to the body and rotating with the body. In the analysis of the microgyro this frame corresponds to FR7. To this end, we will seek a coordinate representation of (14) in FR. As intermediate steps we must first
Representation of the Equations of Motion in F '
6As discussed in the next section a kinematic differential equation relating to the time rate of change of some specific parameterization of the rotation group (e.g., Euler angles, quaternions, etc.) is also required to completely characterize the state of the system. 7As remarked above, FR has the property that the representation of JR in this frame is constant.
However, restoring moments from the elastic beam flexures are more naturally expressed in F p . 
The Euler angles (Ox, e,, 0,) correspond physically to small rotations about the senseaxis, input-axis, and drive axis respectively. Expanding out (17) and its representation in a particular reference frame .FA as a column vector *Q E !R3. The vector 8 is a geometric object and exists independent of any particular frame of reference. However, once we choose a preferred frame (viz., an orthonormal basis in linear algebra parlance) the underlying geometric vector admits a coordinate representation specific to our choice of frame. If we observe the same vector from a different frame (corresponding to a change of orthonormal basis) the coordinate representation will change accordingly. However, although the superscript notation makes the reference frame involved explicit in each equation, a price is paid in notational complexity as the equations will then contain both superscripts and subscripts; e.g. the angular velocity of frame R relative to frame P expressed in frame P would be denoted P ( P~R ) .
To avoid a morass of indices we omit the leading superscript from column vectors and attempt to make clear from context the underlying reference frame(s) involved.
'The Euler angle parameterization of SO( 3) is particularly useful for gaining physical insight when small angle motion is involved.
"First perform a rotation about the x-axis by 8, , followed by a rotation about the intermediate y-axis by 8,, followed by a rotation about the final z-axis by OL. 
As discussed earlier, the angular velocity (and the associated angular acceleration) of the platform is treated as prescribed in this analysis and is taken equal to the angular velocity of the spacecraft. Collecting the coordinate expression (37) and (36) From (16) we find that the absolute angular acceleration of the rotor dt can be determined by differentiating the column matrix (38) with respect to time. We immediately find = -CCT, it follows
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The resultant moment vector C G acting on the rotor is due to two sources (1)
restoring torques and damping due to the suspension and (2) any applied torques such as control torques. Here we assume that all external torques (control + restoring + damping) are generated in the platform frame. Here we denote the components of A ? in FR is given by C M . The representation of the inertia tensor of the rotor JR in FR is denoted simply as J .
A? in the platform frame Fp as M ; As a result, the representation of To summarize, the representation of the gyro equations of motion (14) in FR is Note that the form of the resultant moment vector acting on the rotor must also be specified to obtain a complete description of the dynamics.
Small Angle Approximation of the Equations of Motion
Although (44) provides an explicit description of the nonlinear behavior of the device its complexity limits its utility for controller design12. Our present goal is to simplify the model (44) based on a small angle expansions of the kinematic relationships (42) and (43). This simplified model will provide far more insight in describing the operation of the gyroscope and further can be easily linearized for use in controller design. In the small angle approximation we will neglect all coupling between the Euler angles (Ox, e,, e,) and their higher derivatives. However, we will retain terms consisting of products of the Euler angles (Qx,Qy,O,) and their derivatives with the spacecraft rates (az, R,, R,) and their derivatives.
To this end we first develop the small angle approximation of (42). Recalling The next step is to develop a small angle approximation for IwR. In general, this should be accomplished by first explicitly computing IwR as given in (43) and then invoking the small angle approximation. However, since we are only interested in terms consisting of products of the Euler angles and the spacecraft rates it is possible to determine I i j R to the required order by directly differentiating the small angle approximation of IwR in (53). We immediately find Further the representation of xG in FR (i.e., C C M ) is denoted as (Adx, Ad,, Ad,).
Grouping together the linearized kinematic equations (53) and (54) we find w, = e, + R, + Rye, -wY wy = 6, + R, + R,QX -Rx8, w, = e, + R, + R,Q, -Rye, and W, M ex + s2, + Oyez -&ey + aye, -n,e, (62) wy M e, + fi, + &ex -fixe, + n,eX -ox& (63) (64) w, = e, + fi, + fix@, -h,ex + R,e, -Ryex Upon substituting (59)-(64) into Euler's equations (56)-(58) and retaining terms involving products of the Euler angles (and their time derivatives) with the spacecraft rates (and their time derivatives) we find We assume that the rotor is symmetric about the x and y axes so that J,, = Jyy.
Further, we assume that both the principal axes of elasticity and damping of the suspension (i) coincide with each other, and (ii) align perfectly with Fp. Under these assumptions the resultant moment about the center of mass of the system can be expressed in F p as
Here, the restoring torques due to stiffness and damping along axis i = (z, y, z ) of Fp are denoted as kiiBi and cii6i respectively, and the components of the external moment acting about axis i = (x, y, z ) are denoted Ad;. The restoring moments about each axis in (68) are decoupled due to assumptions (i) and (ii) above. Although this isoelastic assumption leads to a great simplification in the dynamic model, most real devices exhibit some form of anisoelaticity [4], [5] . We will further discuss this issue in the sequel.
The components of the moment vector M resolved in FR are then
Here we have neglected all products of the moments with the small angles (e,, e,, 0,) in (70). 
Dividing each equation (74)- (76) by the inertia about each respective axis transforms the dynamics to standard second order form (77) ..
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ezny + -e, + -ez + wX,ex = Note that an oscillating momentum vector of magnitude JZ,dz and circular frequency w,, is created along the drive axis13. Recall from (79) that the motion along the drive axis is completely decoupled (to first order) from the motion in the input/sense plane.
I3Here we are assuming that the drive frequency wzd is equal to the natural frequency along the e&) = Z,COS (W,,t) (80) drive axis wzn, As a result, the angular motion of the gyro along the z-axis will be taken as prescribed in following discussion. We further assume that the gyro is operating in open loop mode as described earlier in the other two axes. As a result we set Adz = Ad; = 0.
If the spacecraft begins to rotate about the input axis (y-axis) a Coriolis moment is developed along the sense axis (x-axis)I4. The angular deflection along the x-axis is then governed by (81) For maximum sensitivity of the device the natural frequency of the drive axis w,, and sense axes w, , should coincide. F'rom symmetry of the device it automatically follows that w, , M wyn. However, the natural frequency of the drive axis (z-axis) must be forced to match the sense frequency by designing the suspension correctly. As pointed out in [ll] it is difficult to passively design the housing/suspension to meet this requirement. Instead, a feedback control loop is required to regulate the oscillations along the drive axis in both magnitude and frequency. To this end, we assume that via proper design and/or control action along the drive axis the natural frequencies As a result, even if fly = 0 (zero spacecraft rate) the sense axis will be angularly driven leading to a non-zero rate output. This situation is highly undesirable. Techniques to minimize and correct for anisoelastic effects are current research topics in the field of MEMS -See [16] , [4] , [5] for additional information.
Conclusions
In this report we have presented a first principles vectorial derivation of the equations of motion of both ideal and non-ideal (e.g., including anisoelastic effects) angularly vibrating micromachined gyroscopes. Our derivation utilized the basis-free NewtonEuler approach (viz., the balance of angular momentum) rather than more commonly used energy based formulations. Our basis-free approach to modeling leads to an "Specifically, the principal axes of inertia, stiffness, and damping are not aligned with each other or with the frames F i and F p . explicit set of dynamic equations without requiring excessive symbolic mani ulations frame of the gyro-assembly and simplified in order to gain insight into the physical operation of the device. The resulting linear model is well-suited for use in control and estimator design. Moreover, the Newton-Euler approach described here can can be readily extended to model multibody effects such as rotor/housing dynamic coupling.
by the analyst. The resulting nonliner dynamic model was then resolvecl,inthe rotor
